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GENERALIZATIONS OF TWO CARDINAL 
INEQUALITIES OF HAJNAL AND JUHASZ 

IVAN S. GOTCHEV 

Abstract. A non-empty subset A of a topological space X is 
called finitely non-Hausdorff if for every non-empty finite subset 
E of A and every family {Ux '■ x & oi open neighborhoods 
Ux oi X & F, t^{Ux '■ X & F} ^ 0 and the non-Hausdorff number 
nh{X) of X is defined as follows: nh{X) := 1 -|- sup{|A| : A C A 
is finitely non-Hausdorff}. Clearly, if A is a Hausdorff space then 
nh{X) = 2. 

We define the non-Urysohn number of X with respect to the 
singletons, nUs{X), as follows: nUs{X) := 1 -|-sup{cle({a:}) : x G 
A}. 

In 1967 Hajnal and Juhasz proved that if A is a Hausdorff space 
then: (1) |A| < and (2) |A| < where c(A) is the 

cellularity, x(A) is the character and s(A) is the spread of A. 

In this paper we generalize (1) by showing that if A is a topolog¬ 
ical space then |A| < Immediate corollary of this 

result is that (1) holds true for every space A for which nh{X) < 2‘^ 
(and even for spaces with nh{X) < . This gives an affir¬ 

mative answer to a question posed by M. Bonanzinga in 2013. A 
simple example of a A, first countable, ccc-space A is given such 
that |A| > 2“^ and |A| = n/i(A)“ = nh{X). This example shows 
that the upper bound in our inequality is exact and that nh{X) 
cannot be omitted (in particular, nh{X) cannot always be replaced 
by 2 even for Ti-spaces). 

In this paper we also generalize (2) by showing that if A is a 
Ti-space then |A| < It follows from our result that 

(2) is true for every Ti-space for which nUs(X) < A simple 

example shows that the presence of the cardinal function nUs(X) 
in our inequality is essential. 
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1. Introduction 

Throughout this paper u is (the cardinality of) the set of non¬ 
negative integers, rj and a are ordinals and k and r are inhnite 
cardinals. The cardinality of the set X is denoted by |X|. By space 
we mean inhnite topological space and for a subset U of & space X the 
closure of U is denoted by U. 

Recall that a pairwise disjoint collection of non-empty open sets in 
a space X is called a cellular family. The cellularity of X is c{X) := 
sup{|W| ; U a cellular family in X}+uj. If c{X) = u then it is called that 
X satishes the countable chain condition (or ccc) property. For x E X 
the character of X at the point X is x(a:,X) := min{|i3| : S is a local 
base for x} and the character of X is x(X) := sup{x(x, X) : x G X}. 

In what follows, whenever X is a space with x{^) = t we shall 
assume that for each x G X a local base Bx with \Bx\ < k has been 
hxed and if ^4 C X then by Ua we shall denote the set of all families 
U := {Bx : X e A,Bx e Bx}. 

The following two dehnitions appeared in [2]. 

Definition 1.1. A non-empty subset A of a topological space X is 
called hnitely non-Hausdorff if, for every non-empty finite subset F of 
A and every Li G Up, PLi ^ 0. The set A is called a maximal hnitely 
non-Hausdorh subset of X if A is a finitely non-Hausdorff subset of X 
and if B is a finitely non-Hausdorff subset of X such that A <Z B then 
A = B. 

Definition 1.2. Let X be a topological space. The non-Hausdorh num¬ 
ber nh{X) of X is defined as follows: nh{X) := 1 -|- sup{|H| : A is a 
(maximal) finitely non-Hausdorff subset of X}. 

M. Bonanzinga introduced in [1] (independently from [2]) the notion 
of a Hausdorff number of a topological space X, denoted H{X), as 
follows: H{X) := min{r : for every H C X with |H| > r there exist 
U G Ua such that ffU = 0 and she called n-Hausdorff every space 
X with H{X) < n, where n E u and n > 2. It follows immediately 
from the dehnitions of H{X) and nh{X) that if n G a; and n > 2 then 
H{X) = nif and only if nh{X) = n. In the same paper Bonanzinga also 
introduced the notion of a weak Hausdorff number, denoted H*[X), as 
follows: H*{X) := min{r : for every A G X such that |H| > r there 
exist B G A with |R| < r and U E Up such that ffU = 0}. She noted 
there that for every space X, H*{X) = H{X) or H*{X) = if(X)+ and 
constructed an example of a space X such that H*{X) = H{X) = u 
(hence H{X) n for every n < iw). It follows from the dehnitions 
that if H*{X) < bj then either nh{X) = H{X) = n for some n < u 


GENERALIZATIONS OF TWO INEQUALITIES OF HAJNAL AND JUHASZ 3 

or H{X) = u and X is such that for every n G ca, n > 2 there is a 
hnitely non-Hausdorff subset A oi X with \A\ = n but there does not 
exist countably inhnite hnitely non-Hausdorff subset of X. Therefore 
if H*{X) < uj then nh{X) < uj. (Clearly, it is possible nh{X) = u and 
H*{X) >u). 

In 1967, Hajnal and Juhasz proved that if X is a Hausdorff space 
then |X| < (see [1], [6] or [5]). Recently M. Bonanzinga 

showed that |X| < whenever X is a 3-Hausdorff space ([H 

Corollary 54]) and she asked if the much more stronger inequality |X| < 
2 c(a)x(a) fgj. every space X with a hnite Hausdorff number 

([H Question 55]). 

In this paper we prove that if X is a topological space then |X| < 
Immediate corollary of this result is that the Hajnal- 
Juhasz inequality |X| < holds true for every space X for which 

nh{X) < 2^ (and even for spaces for which nh{X) < This 

gives an affirmative answer of Bonanzinga’s question. An Example of 
a Ti, hrst countable, ccc-space X is given such that |X| > 2'^ and 
|X| = nh{XY = nh{X). This example shows that the upper bound in 
our inequality is exact and that nh{X) cannot be omitted (in particular, 
nh{X) cannot always be replaced by 2 even for Ti-spaces). 

2. Some observations about nh{X) and finitely 
non-Hausdorff subsets of X 

As it was noted in [2], it follows immediately from Dehnition ll.2l that 
X is a Hausdorff space if and only if nh{X) = 2 and 2 < nh{X) < 
1-|- |X| whenever X is a non-Hausdorff space. Also, if X is a topological 
space and A C X, then nh{A) < nh{X), and if X is an inhnite set 
with topology generated by the open sets {X \ {x} : a; G X}, then X 
is a maximal hnitely non-Hausdorh set, and therefore nh{X) = |X|. 

The following three observations follow immediately from the dehni- 
tions. 

Proposition 2.1 ([2]). In a Hausdorff space X the only maximal 
finitely non-Hausdorff subsets of X are the singletons. 

Proposition 2.2 ([2]). Every finitely non-Hausdorff subset of a topo¬ 
logical space X is contained in a maximal finitely non-Hausdorff subset 
ofX. 

Proposition 2.3. Every subset of a finitely non-Hausdorff subset of a 
space X is a finitely non-Hausdorff subset of X. 

Having in mind Propositions 12.11 and 12.31 one can easily construct an 
example of a Ti-space X and subsets A and R of X such that A G B, 
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A and B are finitely non-Hansdorff snbsets of X bnt A is not finitely 
non-Hansdorff snbset of B (e.g. take B = a in Example 13.31 and let A 
be any snbset of B which is not a singleton). 

The following two observations appeared in [2]. Since we are going 
to use them later, we give them here with their proofs. 

Lemma 2.4 ([2]). Let X be a space and A be a finitely non-Hausdorff 
subset of X . Then A C n{nW : U E Uf, ih ^ F C A,\F\ < oj}. 

Proof. Let F be a non-empty subset oi A, Uq E Up, and G = AUq. 
Suppose that there exists Oq E A such that Oq ^ G. Then there is 
WaQ E Mao such that WaQ n G = 0. Let Va^ = WaQ if Oo ^ F and 
Vao = Uao n Wao, wliere Uao E Uo and Uao E Afao, if ao E F. Then the 
family Ui := {Vao} *-1 {Ua ■ Ua E Wo,a E F \ {ao}} has the property 
that nWi = 0, a contradiction. Therefore A C AU for every U E Up 
and every non-empty subset F of A with |F| < oj. Thus, A C n{nW : 
U eUf,%^F (lA,\F\<oj]. □ 

Theorem 2.5 (|2]). Let X be a space and A be a maximal finitely non- 
Hausdorff subset of X . Then A = n{nW ; U E Up^il} 7^ F C A, |F| < 
u}. 

Proof. Let A be a maximal hnitely non-Hausdorff subset of X. Then 
it follows from Lemma [2^ that A C n{nW ; U E Up., 0 7^ F C H, |F| < 
bj}. Suppose that there is Xq E n{nW ; U E Up,^ 7^ F C H, |F| < 
oj] \ A. Then [/ fl (Hit) 7^ 0 for every [/ E every U E Up, and 
every non-empty hnite subset F of A. Thus, for the set Ai := Hujxo}, 
we have that if F C Hi with F 7^ 0 and |F| < u and U G Up., then 
AA 7^ 0. Therefore, Hi is a hnitely non-Hausdorff subset of X and 
H C Hi, a contradiction with the maximality of H. □ 

Corollary 2.6. Every maximal finitely non-Hausdorff subset of a space 
X is a closed set. 

Corollary 2.7. Let X be a space and A be a finitely non-Hausdorff 
subset of X . Then A is a finitely non-Hausdorff subset of X . 

Proof. It follows immediately from Proposition 12.21 Corollary 12.61 and 
Proposition 12.31 □ 

Corollary 2.8. Let X be a space and A be a finitely non-Hausdorff 
subset of X. If X E A then A C r\{B : B E Bx}, hence H C GA(n{F : 
BeBx}). 


In relation to Corollary 12.81 we can say more. 
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Lemma 2.9. Let X be a space and x G X. Then r\{B : B G Bx} = 
U{M : M is a (maximal) finitely non-Hausdorfif subset of X that con¬ 
tains x}. 

Proof. Let y G flj-B ■. B ^ Bx} and U be an open neighborhood of 
y. Then t/ fl -B 7 ^ 0 for every B E Bx- Therefore the set {x,y} is 
a hnitely non-Hansdorff snbset of X, hence it is contained in some 
maximal one. Therefore n{5 B E Bx} 'T U{M : M is a (maximal) 
hnitely non-Hansdorff snbset of X that contains x}. 

Now let y E U{M : M is a (maximal) hnitely non-Hansdorh snbset 
of X that contains x}. Then there exists a (maximal) hnitely non- 
Hansdorh snbset My of X snch that y G My. Then the set {x,y} C 
My is a hnitely non-Hansdorh snbset of X (Proposition I2.3p . Thns 
ii B E Bx and U is an arbitrary open neighborhood of y we have 
B n f/ 7 ^ 0. Hence y E B and therefore y E P\{B : B E Bx}. □ 

Corollary 2.10. Let X be a space and A be a finitely non-Hausdorff 
subset of X. Then r[x&A{A{B : B E Bx}) = r\x£A{A{M : M is a 
(maximal) finitely non-Hausdorff subset of X that contains x}). 

The following example shows that the intersection in Corollary 12.101 
conld be diherent from A even when H is a maximal non-Hansdorh 
snbset of X. 

Example 2.11. There exists a first countable ff-space X and a max¬ 
imal finitely non-Hausdorff subset A of X such that 

A C r\x^A{L\{B : B E Bx})- 

Proof. Let {6}, A := {oj : i E u}, S := {n : n E u}, and := 
{(h n) : i,n E u} be pairwise disjoint sets and X := AU {6} U S' U N^. 
We dehne topology on X as follows: all points in S' U are isolated 
(hence each one is an open and closed set); the points in S' form a 
convergent seqnence that converges to the point a, for every i E U] for 
each i E u the points {{i,n) : n E u} form a convergent seqnence that 
approaches to the points Oj and b. In order X to be hrst conntable we 
also reqnire the set {{6} U {{i,n) : i E u} : n > k} : k E u} to form an 
open basis for the topology at b. Then A and each of the sets {oj, b}, 
i E u, are maximal hnitely non-Hansdorh snbsets of X, H U {6} is not 
a hnitely non-Hansdorh snbset of X and H C H U {6} = fla; eA(n{H : 
B E Bx}). □ 

We recall that the 6-closure of a set H in a space X is the set cl 6 i(H) : = 
{x G X : for every B E Bx, H fl H 7 ^ 0}. 

Proposition 2.12. Let X be a space and x E X. Then cle({x}) = 
n{B:BEBx}. 
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Corollary 2.13. Let X be a space and x E X. Then cl 0 ({x}) = U{M : 
M is a (maximal) finitely non-Hausdorff subset of X that contains x}. 

For convenience we introduce the following notation to be used in 
the proof of our main result. 

Notation 2.14. Let X be a space and A<L X. Then 

TA '■= {F : F G A, F is a finite, finitely non-Hausdorff subset of X}. 

Using this notation we can restate Corollary 12.131 as follows: 

Corollary 2.15. Let X be a space and x E X. Then cl 0 ({a:}) = U{F : 
F E Fx,x E F}. 

Corollary 2.16. Let X be a space and x E X. The union of all 
(maximal) finitely non-Hausdorff subsets of X that contain x is a closed 
set in X. 

We recall that a non-empty subset Aoi a topological space X is called 
finitely non-Urysohn (see [3]) if for every non-empty hnite subset F of 
A and every family {Ux : x E F} of open neighborhoods Ux of x E F, 
n{f4 : X G F} 7 ^ 0 and the non-Urysohn number of X is dehned as 
follows: nu{X) := 1 -|- sup{|A| : ^4 is a hnitely non-Urysohn subset of 
X}. 

Corollary 2.17. Let X be a space and x E X. Then cU({x}) is a 
finitely non-Urysohn subset of X that contains x. 

Corollary 2.18. Let X be a space and x E X. Thennu{X) > |U{M : 
M is a maximal finitely non-Hausdorff subset of X that contains x}|. 

Corollary 2.19. If X is a space then nu{X) > nh{X). 

We hnish this section with one more observation. 

Lemma 2.20. Let X be a space and x E X be a point such that U = X 
whenever U G X is an open neighborhood of x. If M is a maximal 
finitely non-Hausdorff subset of X then x E M. 

Proof. Let M be a maximal hnitely non-Hausdorff subset of X. Sup¬ 
pose that X ^ M. Then there exist a hnite set F G M, lA G Up and 
an open neighborhood U of x such that iplA) fl f/ = 0. Since M is a 
hnitely non-Hausdorh subset of X, ffU ^ 0. Let y E GU. Then y ^ U 
- contradiction. □ 
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3. More cardinal inequalities involving the 
non-Hausdorff number 

The following theorem generalizes Hajnal-Juhasz inequality that if 
X is a Hausdorff space then |X| < 

Theorem 3.1. Let X be a space. Then |X| < 

Proof. Let c{X)x{X) = k, nh{X) = r and for each a: G X let be a 
local base for x in X with \Bx\ < k. Let also Xq be an arbitrary point 
in X. We construct a sequence : 17 < a"*"} of subsets of X such 
that 

(1) Go = {xo}; 

(2) Ug<^Gg C Gn and |G^| < r'^ for every 0 < rj < 

(3) if 77 is a limit ordinal then G^ = U^<^G^; 

(4) if X G G^ then there exists a maximal hnitely non-Hausdorff 
subset Mx of X such that C G^^+i; 

(6) if {Wf : ( < a} is a collection of < a open sets in X such that 
hhj = Uq,<k^q,, where each Qa = for some 

with e and Y then G^+i \ Y 0- 

Let G = U 5 <k+G^. If G = X then the proof is complete. Suppose there 
is 7 / G X \ G. Let By = {B^ : ^ < k} be a local base at y. For each 
^ < K let = {m : hi G Up, F G Xg, (HW) fl = 0}. Then clearly 
y i U^<^U>Vg. 

Claim 1: For each x G G, there exist F G Xg with x E F, hi Ehip 
and ^ < K such that (nW) fl = 0. 

Proof: Let X G G. Then there is 77 < such that x E Gy. It 
follows from (4) that there exists a maximal hnitely non-Hausdorff 
subset AX of X such that x G AX C G^+i. Since 7/ ^ G we have 
y ^ M^. Thus, there exists a hnite set Xj, C hi' Ehip^ and ^ < n 
such that (nW') n Xg = 0. Therefore for the hnitely non-Hausdorh 
subset F := Xj. U {x} C of Xg there exists hi E hip such that 
(m) n Xg = 0. □ 

Claim 2: G C Ug<KU>Vg. 

Proof: Let X E G. It follows from Claim 1 that there exists X G Xg 
with X E F, hi E Up and f < k such that (flW) fl Xg = 0. Then it 
follows from Lemma 12.41 that X C flW, hence x G UWg and therefore 
X G Ug<«,U>Vg. □ 

Since c(X) < k, there exists ^g C VVg with |^g| < k such that 
UWg C U^g. Let Hg = U^g. Then G C Ug<KlFg and y ^ Ug<KhFg. 
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Let T := {F : there is W G Up and ^ < k such that flW G 
Since \F\ < k, we have | U < k. Clearly UF C G. Thus, we 
can hnd rj < such that UF C Fcr,- Then it follows from (5) that 
Grj+i \ (U^<k1 T5) 7 ^ 0. This contradicts G C U5 <k1 T^. □ 

Corollary 3.2. Let X be a space withnh{X) < Then |X| < 

2c(a)x(v)^ 

Corollary 13.21 answers in the affirmative the following question of 
Bonanzinga (see P Question 55]): Is |X| < true for every 

X such that H{X) is hnite? It also greatly improves her Corollary 54 
that states that for every 3-Hausdorff space X, |X| < 

The following example shows that Hajnal-Juhasz inequality is not 
always true for Ti-spaces and that the cardinal number nh{X) in the 
inequality in Theorem 13.11 cannot be replaced by 2. For a different 
example of a Ti-space for which Hajnal-Juhasz inequality is not true 
see [H Example 13]. 

Example 3.3 (see [21 Example 2.1]). LetN denote the set of all positive 
integers and M be the set of all real numbers. Let S := {1/n : n G N} 
and M := S U {0} be the subspace of M with the inherited topology. 
Then in M all points except 0 are isolated and lim„_,.oo l/n = 0. Let 
a be an infinite initial ordinal. We duplicate a many times the point 
0 G M; i.e. we replace in M the point 0 with a many distinct points 
and obtain the set X := SUa with topology such that, for each (3 < a, 
we have (3 G lim^^oo and the subspaces S and a with the inherited 
topology from X are discrete. Then X is F (but not Hausdorff) ccc- 
space, x(X) = uj, and nh{X) = a. Therefore if a > 2^ is a cardinal 
for which = a then |X| = = a‘^ = a > 2‘^. 

Another well-known inequality of Hajnal and Juhasz is contained in 
the next theorem. 

Theorem 3.4 (Hajnal-Juhasz). If X is a Hausdorff space then |X| < 

In Theorem 13.121 we generalize Theorem 123] for the class of Ti-spaces. 
In the proof of Theorem 13.121 we will need the following three results 
(see |B] or [5]): 

Lemma 3.5 (Sapirovskii). LetU be an open cover of a space X with 
s(X) < K. Then there is a subset A of X with |y4| < n and a subcol¬ 
lection W of U with |>V| < K such that X = A U (UW) . 

Lemma 3.6. If X is a Hausdorff space then f{X) < 
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Theorem 3.7 (Hajnal-Juhasz). If X is aTi-space then |X| < 

In order to extend Lemma 13.61 to the class of all Ti-spaces we need 
to introduce a new cardinal function. 

Definition 3.8. Let X be a space. We define the non-Urysohn number 
of X with respect to the singletons, nUs{X), as follows: nUs{X) : = 

1 + sup{cl6)({a;}) ■. X E X}. 

Clearly if X is a Hausdorff space then nUs{X) = 2 and for every 
space nUs{X) < nu{X) and nUs{X) > nh{X) (see Corollary 12.131 and 
Corollary 12.171) . 

Lemma 3.9. If X is a Ti-space then ip{X) < nUs{X) ■ . 

Proof. Let s(X) = k, nUs{X) = r and x E X. Using the fact that X is 
a Ti-space, for each E cl^dx}) we can choose an open neighborhood 
Uz of X that does not contain 2 ;. Also, for each y ^ cl 6 i({a;}) we can 
choose an open set Uy such that x ^Uy. Then U := {Uy : y ^ cl^da;})} 
is an open cover of X \ ch({a;}). Therefore, according to Lemma 1331 
there exist subsets A and 5 of X \ cle({a:}) such that |A| < n, \B\ < k 
and X \ cl 0 ({a:}) C A U (Uy^BUy). Let V := {Uz : G cl^dx})}, 
Va := {X \ UyHA :yEA\ {x}} and Vb ■-= [X \U, : y E B}. Then 
V U Va U Vb is a pseudobase for X with cardinality < r + 2^ + n < 
r ■ 2^. □ 

Corollary 3.10. If X is a Ti-space then ip{X) < nu{X) ■ . 

Remark 3.11. Let k > 2^ and X be a space with cardinality k, 
equipped with the cofinite topology. Then s(X) = uj and t/’(X) = k. 
Hence fj{X) = k > 2‘^ = Also, for every x E X we have 

cl 6 i({x}) = X. Thus nUs{X) = n. Therefore in the inequality in 
Lemma fXPI the cardinal function nUs{X) cannot be replaced by 2, but 
we do not know if nUs{X) cannot be replaced by nh{X). (Note that in 
our example nh{X) = k, as well.) 

Now using Lemma [3.91 and Theorem 13.71 we generalize Theorem 13.41 
as follows: 

Theorem 3.12. If X is a Ti-space then |X| < 2 ”“dA)' 2 “(^)^ 

Proof. |X| < ^ Q 

Corollary 3.13. If X is a Ti-space such that nUs{X) < 2®*^^^ then 
|X| < 22“‘^\ 

Corollary 3.14. If X is a Ti-space then |X| < 

Question 3.15. Is it true that if X is aTi-space then |X| < ? 
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